CHANGE OF VARIABLES IN THE LAPLACE TRANSFORM AND
SOME APPLICATIONS

I. A. Novikov UDC 517.432.1:517.947.42:536.24,02

The effect of a change of variable by an arbitrary nonlinear function in the Laplace
transform:and the inverse transform is considered. Some applications of the results
to heat-conduction problems are discussed.

The properties of the Laplace transform under a linear transformation of the argument
in the original function or transform are generally well known. In the present paper, the
properties of the Laplace transforin under a nonlinear transformation of the argument are
discussed, continuing a study begun in [1]. As is well known, finding the inverse transform
is the most difffcult step in the operational method. The properties discussed here should
widen significantly the class of functions whose inverse transforms can be found.

Change of Variables in the Transform Function

It was shown in [1] that the replacement of the transform variable p by an arbitrary
function K(p) in the Laplace transform U,(p) leads to the following result for the inverse
transform:

o (1)
u(t) = LU, [K(P)]=j w (DR, T)dy
0

k(t, ©)= L texp [— K (p)7]. (1a)

In (1) and (la) the analytic function K(p) appearing in the transform U, must satisfy the
condition of "transformability," i.e., we must have Re[K(p)] > o; for Re(p) > o, where o,
is the exponent of growth of u;{(t). A simple form which satisfies this condition is K(p) ~+
Bop® as p » », where ~1<Ca <1 and B, > 0. Using (1) and the properties of the Laplace .
transform we can obtain some useful results.

1. Replacement of the Variable by a Sum of Functions. If K(p) = Ki(p) + K, (p) and both
functions satisfy the condition of transformability then [1]

‘ . . (2)
Bt 7) = [ k@ ) k(8 7 dE;
0

ki (t, ©) = L texp[— K; (p) 1l. (2a)

In the special case where Ki(p) = dip + do (a linear function) and K.(p) is nonlinear, we get

k(t, my=H({—dv)exp(—dyr) ke (I —di7, 1), d,>0;

(3)
4(t) = L7U, [dyp + do+-Ky(p)] =
(3a)
t/dy 1 4 ‘ do ( T T
7 o — = e k {— y — d ’
= Popdnnt—dugu@i = e (— o) (1 L) () &

b
where H(t) is the Heaviside unit step function. Equation (2) can be easily generalized to
sevetral functions.
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2. Replacement of the Variable Ey a Compound Function. Let K(p) = K;[Kz(p)] be a com-
pound function where the arbitrary analytic functions Ki(p) are transformable. Then (la)
takes the form

Bl D) = [ BE DR, D, )
1}

where ki(t, 1) is given by (2a). Indeed, applying (1) successively from right to left to
the chain identity

Ulp) = Uy [K K (P)] = U [Ks (D)),
where Uz(p) = U:[K.(p)], we obtain the desired form:

u(tzj" ®) ky (2, B)d S“ul (1) ki (€, r)dr]k(t B dE = ful(m)“kl , T ky(t, B) dg]
N

0 Lo

In the proof of (4) we assumed the existence of the transfotm U.(p) and that the orders
of integration could be interchanged [this amounts to the assumption that the imside integral
determining uz(£) is uniformly convergent with respect to & for £ =0]. We note that
‘property (4) is noncommutative; for K(p) = Kz[Ki{(p)] Eq. (la) takes the form

B D = [ E Db DA ®)
0

Relations (4) and (5) can be generalized easily to the superposition of several functionms.
If K(p) can be represented in the form

K(p)=K{p) = Kp [Knoal... IKe Ky (P)].-], n=2, 3,..., (6)

then the corresponding function is k(t, t) = kInl (t, 1), for which it is not difficult to
obtain the recurrence formula

k2, 7) =L exp [—K(p)rl= | kn & TR, D) . (6a)
b

If K(p) is represented in the form
K(p) = K™ (p) = Ky [Kol...[Knal KalP)] . . .1, 1 = 2,3,..., (N

then the following recurrence relation applies to k(t, T) = i[n](t, T):

Bt 0= kot DG D) (72)
0

3. Inverse Functions in the Transform. If K(p) is replaces by K*(p), which is the
inverse function to K(p), so that K*[K(p)] = p, then the inverse transform u,(t) can be
expressed in terms of u(t) by )

o (8)

u () = g u(v) k* (t, T)dv;

0

k* (1, ©)= L 'exp[— K*(p)T]. (8a)

Here K*(p), like K(p) itself, must be transformable. Thus (1) and (8) are a pair of reci-
procal integral transforms whose kernels are given by (la) and (8a). It is not difficult to
show that ‘

§(t—8) =§ k(t, T)k* (v, B)dr.
o
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If the transform function is the superposition of several functions so that K(p) =
K[n](p) then the inverse function K*[n](p) can be expressed in terms of the separate inverse
functions Kp*(p) as follows:

K*™(p) = K¥IK¥ LK K ()] ...

A recurrence formula for K*[n](t, T) can be found using (7) and (7a):
U = K@D R 6 T e
0

4, Generalized Multiplication Property of Transforms. If we are given two transforms
U;(p) and U.(p) and two functions K,;(p) and K.(p) which are transformable, then [1]

u(t)= L~H{U, K, (p ]U2K2m]:’ﬂj”(§@ £) dt
bd

°'-—>B
=

2 (1) By (£ —, ) dn Jar, (9

where kj(t, 1) are given by (2a). Relation (9) can easily be generalized to the case of
several transforms. If we put Ke(p) = 1, then it reduces to the Efros transform in a some-
what different form:

o

u(t) = LUK Vo () = [ 20 =) [ [0 @ o (r, B) . (10)
0

0

We now consider the properties of the inverse transforms, which will turn out to be
reciprocals to the results obtained for the transforms.

Change of Variables in the Inverse Transform

Upon a replacement in the inverse transform (i.e., original function), u;(t) of variablet
by an arbitrary function k(t) so that u(t) = u;[k(t)] the following relation holds between
the transforms U(p) and U,(p):

1 G—ﬁ—_ioo
Ulp) = e | U@ K (p, 2dz=C, U, (2) K(p, 2)}; (11
K(p, z) = Lexp[k () 2] = yexp [— pt + k(1) 2] dt. (11a)

Here and below C; denotes the convolution of the functioms Uy (z) and K(p, z) with respect to
the complex variable z in the right half-plane. In (11) and (1la), u(t) and u,;(t) are the
inverse transforms, k(t) does not increase faster than linearly in the limit t = = (i.e.,
k{(t) < Mt), and it is assumed that the integral on the right-~hand side of (11) is absolutely
convergent in the half-plane Re(z) > o0;. In order to prove (11) omenmust replace K{p, z)

on the right-hand side by the Laplace integral and change the order of integration. As for
the transforms, some useful properties can be shown to be consequences of (11) and the usual
properties of the Laplace transform.

1. Replacement of the Variable by a Sum of Functions. If k(t) = k;(t) + k.(t) and
both functions increase no faster than linearly at infinity, then

U (p) = Luy [k (t) + ko (1] = G (UL (D) K (p, 2)]; (12)
K(p, 2)=CiKi(s, 2Ka(p — s, 21, Ki(p, 2) = Lexp %3 (1) 2]. (12a)
This relation can be obtained at once from the well~known multiplicative properties of the

inverse transforms. In the special case of the sum of a linear and nonlinear function
k(t) = dit + do + ka(t)

Up) =C, U, (z)Kz(pv—dlz 2) exp (dy2)]. (13)
2. Replacement of the Variable by a Compound Function. Let k(t) = k;[ko(t)] be the

compound function and k;(t) increase no faster than linearly at infinity. Then (1la) takes
the form
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K (p, &)= C,[Ki(s, 2)Ka(p, 5)], (14)

where K;(p, 2z) is given by (12a). Applying (11} from right to left to the chain identity

u(t) = uy Lk [Ry (O]] = uy [y (2)],
where uz(t) = ui[ki(t)], and changing the order of the integration we have

U(p) = C, Uy (D) Kz (p, 2)] = C{Ks(p, 2)ColU,(8) Ky (2, 0)} = Co{U,(8)C.[K, (2, 0) K, (p, 2)]}.

3. Inverse Function in the Original. 1In (11) we take for k(t) the function k*(t) in-
verse to k(t) such that k¥*{k(t)] = t is satisfied. Then the transform U,(p) can be found in
terms of U(p) by the relation

Us(p) = C.1U (K™ (p, 21, K*(p, 2) = Lexp[&* (t) 2] (15)

The function k*(t), like k(t), must satisfy the linearity condition at infinity. Equations
(11) and (15) define a pair of reciprocal integral transforms.

4. Generalized Multiplicative Property of Inverse Transforms. Let u;(t) and u,(t) be
two inverse transforms and let kj(t) be a pair of arbitrary functions satisfying the linearity
condition at infinity. Using the usual multiplicative properties of inverse transforms along
with (11), it is not difficult to see that

L {uty [y ()] uy [Ry ()]} = Cs [01 (5)U2 (p— 9); (16)
Ui(p) = C.1U: @)K (p, 2)), i=1, 2. (162)

This result is proven using the same assumptions as in (11). In the special case where k:(t) =
t, it reduces to the reciprocal of the Efros transformation:

LA{uy ey ()] 4z () == CulUy (5) Uy (p— )] (17)

where ﬁl(p) is given by (16a). Equation (17) can be written in the more conventional form

[2]
L{ug 1oy (D1t (1)} == C. UL (2) Ko (p, 2)];
Ko(p, 2)= L {”z (t) exp IRy () 21}

Examples of the use of this result in obtaining Laplace transforms and inverses are given in

[21.

Some Applications

We now show how the properties discussed above can be applied to find inverse laplace
transforms. From tables of laplace transforms [3, 4] we determine L-texp(—thinp), L™texp

(—thVp), L-texp(—th/p). Using these results and (3) we can compute inverses to the following
transforms:

e t—dm)™! :
w(t) = LUy idyp + dy + R p) = | (@) (_"rﬁﬁ)_ exp (—dyt) dv; di, do, R > 0; (18)
[
7 /4 () (ht)? 19)
_ 1 P 1 TUy (T I A S .
ult) = LUy (dp +do + VP = —— V4 J e i P T du—di ] -
dy, dy, =0;
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t
u(t)zL*iul(dlpHﬁ--’l—)=—1—U1(t )exp (-] -
p d,

d, dy
, (20)
_Mful (L)]/”Thlr LRVIR =71 exp( dyt )m-,
dl 0 dl ( dl
where
1, yvh>0

_ J1 2V IR E), vh =0
sgn(h)={ 0, yh=0; L, (QVIhIE):{ 11((2 ~_|[hl t)) tho (20a)

__1, Vh<0 1 v/ V .

We use (3) to obtain the inverse of the transform U,[K(p)] where K,(p) is a rational
function which can be expanded into partial fractions of the form

(p)"d1p+d "’—3 '_—"‘"") pm+1>pm>o‘ (21)
m—-l P+Dm

Let rl[n](t, T) be the inverse transform

", ) = L exp (— pf“; ) =80 — e (—put) |/ Eal s L@VTRATET) - 1,

where sgn(hm) and L;(2V|hy|Tt) have the same meaning as in (20a). Using the convolution
theorem we can write a recurrence relation

n t
ra(t, ©) = L 'exp (——r 3 Lt \, \
P Pm/ s

7’”] __, T)rn—l(t—gv T)d& = rn-—l(t7 T)-' (Zlb)
¢ .
— s () VT T | exp (— p,8) L@V Tl E0) roalt — ) fg : ‘
0
where rl(t,T)='r1[1](t, T). Finally
k{l, ) = H({{ — dy1) exp (— dy0) 1, (t — dy7, 7T), (21c)

and the inverse transform takes the form

1/d, .
6= LU, dop+ do + 3 )= [t (D) exp (— dyt) o ( — dyt, ) d.

m_IP—%Pm 0
Equation (21) describes the class of rational functions with finite n and can be extended to
the class of meromorphic functions where n =+ ~. With the help of (21) and (2la) we can obtain
either exact inverses or approximate expressions with an estimate of the error.

Various combinations of (2), (3), and (4) through (7) can be used very effectively in
finding inverse transforms. We show this with an example. It follows from (1) and (la) that
multiplication of K(p) by a constant b > 0 changes the scale of variable 7 in the function
k(t, T):

u(t) = LU, 0K (p)] = | (9 (¢, be)dr. (22)

b

This relation is a generalization of the similarity property to which it reduces when K(p) =
p. Using (22), a large class of rational functions K(p) can be expanded into finite continued
fractions [5] of the form

h h -
K(p)=p + pr+ —2 * — -

p+p + ptps + ot P (23)
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If we let Kp(p) be the function
b

Kn(p) = p + pm + =K (p) + Kn (p), (24)

where Kn° = p + pm and Kn'(p) = hm/p are its linear and nonlinear parts, then K(p) can be
written as a superposition of functions:

K(p)=KY + KNS + K. (K1 + K.y [K2 (0)1]...]. (24a)

Since kL™ (t, 1)=L-texp[—7KI™ (p)] and using r.iml(e, ) and (3), (4) we obtain a recurrence

relation for use in calculating the function k(t,T) = kn[l](t, T):
B¢, ) = L exp [—KE (p) T = exp (— pa1)8 (F — T);
Kt 1) = Ltexp{— 1Kot + Ko IKET ()1} =

= eXp(— Pr-1 T~ Put) [8 (! —7T) —H(t —7)sgn (h,_,) L/lhn_;l_l_'ELl 2V ik, )]

B (¢, 1) = Ltexp{—7[Kn + Kn KT (o)1} = : (25)

Ty / m

—H(t —7) exp(— pm ) (7"t —7,0) — sgn (im) | E"‘Ll(m/ (| TEY R (¢ — 1, B) dBl

0

m=n—'~1,..., 2, 1.

For example when n = 3 we obtain from (25)

h 3
2 —pdop, + hy (p + ps) (26)

h
K(p)=p+p1+—
()= pps pP+p:. + ptops PP+ (patps) p+ ba

and
k(t, 1) = k51 (t, 7) = exp (— pyv) [exp (—(p, + o) D)8 (t — T)—
— H(f — tyexp(— psv— pf) sgn (hy) ]/&lt_'lLﬂ VTR E —7) )+

T

+H(—7)sen hz)l/ BBLT et —) [em(— 8L @VIHET—DL @Y Tl &I
0

Equations (23)-(26) can be used to obtain exact and approximate expressions for inverse
transforms. With the help of the results given here, inverse transforms can effectively be
obtained for various other classes of transforms, including more general forms. For example,
repeated ‘application of (4) to (21) and (23)-€26) with the use of (19) gives an expression
for k(t, 1) corresponding to the class of transforms K(p)=c,p+co+VKi(p) , where Ki(p) can be
a rational function expanded in partial fractions [Eq. (21)] or a finite combinued fraction
[Eq. (23].

Transforms like (21) and (23) occur in heat-conduction problems for materials with a
continuous thermal memory of the Fourier type [1l, 6] and describe many of these materials,
enough for practical application. In a Maxwell type material [1, 6-8] the corresponding
transform has the form Ko(p) = vK(p), where a rather wide class of functions K(p) can be
described with rational functions of the form K(p)=dsp®+ dip+do+Ra(p)/Rns1(p) , where Rp(p)
is a polynomial of degree n in p. Letting Ko(p) be a finite continued fraction (23), we can
approximate vK(p) to order p~™. Examining (25), we note that k(t, T) corresponding to (23)
can be written in the form k(f, v)=H ({—1)ko(f{—=, f, T) , where the difference of arguments t — T
appears as a single unit. This argument is independent of time and corresponds to heat pro-
pagation with a finite velocity. Thus we deduce the important result that the heat propaga-—
tion velocity in an arbitrary Maxwell medium does not change with time.
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With the help of a change of variable in the Laplace transform .a connection can be es-
tablished between solutions of equations differing from each other by time operators. For
example in [1, 6] a connection was established using (1) between the solutions of similar
heat-conduction problems in materials with and without memory. A correspondence principle
between the transforms of such similar problems was obtained. 1In [7, 8], using (10), the
solutions of heat-conduction boundary-value problems were obtained in materials with memory.
Obviocusly the above results can also be used in the solution of other problems in heat transfer,
mass transfer, momentum transfer in compound materials such as composites and materials with
memory, and also in the solution of various types of coupled heat and mass transfer pwoblems.

NOTATION

L, L™, direct and inverse Laplace transform operators; p, Laplace transform variable;
U(t), U(p), original function and its transform; H(t), Heaviside unit step functiomn; &§(t),
Dirac delta function; T'(x), Gamma function; J;, I,, Bessel functions of the first kind and
first order for real and imaginary arguments, respectively.
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